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1 Introduction
In recent investigations of the dynamics of a class of N = 2 superconformal field theories in
four dimensions (often called theories of class S to underline their six dimensional origin),
it has become increasingly clear that various observables of this class of theories admit an
efficient description using the language of two dimensional physics. A particular example
of such an observable is the partition function of the four dimensional theory defined on a
sphere (ZS4). Following Pestun’s evaluation of the partition function for a subset of class S
theories theories via localization [1] and the construction of these theories using the (0, 2) six
dimensional theory SCFT X[g] 1 [2, 3], AGT noticed the remarkable fact that the partition
functions in type g = A1 coincide with certain correlators in a particular Liouville conformal
field theory [4]. They further conjectured (see also [6] in this regard) that an analogous
relationship exists for partition functions of various higher rank theories and corresponding
Toda correlators. Many checks of this proposal are available in specific corners of the
moduli space where the four dimensional theories admit a Lagrangian description as a
weakly coupled gauge theory along with conventional matter multiplets. At other corners
of the moduli space (which happen to be the vast majority), one runs into the following
predicament. On the four dimensional side, the localization techniques do not extend
as there is no known Lagrangian description. On the two dimensional side, a complete
analytical understanding of the corresponding Toda correlators is missing. One of the initial
motivations for this work was to partly alleviate this situation by pointing out that the
AGT dictionary can very easily be expanded to include an observable that is much better
understood, namely the Euler anomaly of the four dimensional SCFT. Borrowing ideas
from the tinkertoy constructions, I propose a framework for calculating this dependence.
This framework is of independent interest and can potentially shine light on certain aspects
of the tinkertoy constructions. This paper is confined to theories of type An. Investigations
in more general cases will be reported elsewhere.
Here is a short outline of the paper. In Section 2, the encoding of the Euler anomaly
in the sphere partition function is described. In Section 3 the corresponding scale factor on
the Liouville side for the A1 theories is identified. Sections 4, 5 generalize these arguments
to the case of An Toda theories. Here, it is argued that the tinkertoys of [8] have natural
analogs in the world of Toda CFTs. Using this dictionary of tinkertoys, one can calculate
the scale factors for many Toda correlators. When the Toda correlator corresponds to a
free fixture, this gives a prediction regarding the analytical structure of the corresponding
Toda three point function. An important element of this calculation of scale factors is a
realization of the relevant Toda primaries starting from primaries in a WZW model. This
map between the primaries is further helpful in elucidating the relationship to the theory
of nilpotent orbits in semisimple Lie algebras and the closely related theory of Weyl group
representations. A degree of familiarity with the relevant class S constructions [2, 3, 8–11]
will greatly help in the reading of the paper.
The class of theories studied here have recently attracted much attention from various
physical and mathematical perspectives. While connections to some of these are discussed
1There is a unique six dimensional theory for every choice of g ∈ A,D,E.
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in the final section, it would be foreboding to try and comment on all of them. Instead,
the interested reader is referred to some reviews-in-preparation [12–14] for such overviews.
2 Partition function on S4 and the Euler anomaly
It is expected that the logarithm of the sphere partition function has a divergent piece
that is proportional to the Euler anomaly a [15]. This is an important observable for any
CFT since it is a measure of the massless degrees of freedom in the CFT. In [15], it was
also conjectured that such a measure exists at all points along a renormalization group
flow and that its value strictly decreases as more degrees of freedom are integrated out. A
version of this conjecture has recently been proved in [16]. The goal here is to focus on the
class S SCFTs and make the dependence on the Euler anomaly manifest in their sphere
partition functions. We will begin by considering the case of conformal class S theories
with Lagrangian descriptions. A definition of these theories on the round four sphere
and a localization scheme to evaluate the partition function of the theory so defined2 was
described by Pestun [1]. This construction was recently extended to the case of the more
general case of an ellipsoid S4b [19]. In much of the literature on the AGT conjecture, the
dependence of the partition function on the Euler anomaly is not made explicit3. In the
original work of [1], this was not necessary as the corresponding factors in the partition
function cancel in the calculation of expectation values of BPS Wilson and ’t-Hooft loop
operators4. For the purposes of this work, it would be important to make this dependence
explicit. This paper will be restricted to analyzing the case of a round sphere.
While this paper will focus solely on the physical N = 2 theories, it is interesting to
note that the dependence made explicit here has a cousin in the world of topological QFTs
obtained from twisting the Lagrangian N = 2 theories. In the evaluation of their partition
functions on a general four manifold (with non-zero Euler characteristic χ and signature
σ), the measure in the path integral has an explicit dependence on the anomaly parameters
a, c [21].
2.1 Localization on the four sphere
For a general superconformal N = 2 theory with matter in representation W of the gauge
group G taken on a sphere S4 of radius R0, the one loop functional determinant around
the locus of classical solutions on which the theory localizes was evaluated in [1]. It takes
the following form,
ZW1−loop =
∏
α∈weights(Ad)
∏∞
n=1((α.aE)
2 + µ2n2)n∏
w∈weights(W)
∏∞
n=1((w.aE)
2 + µ2n2)n
.
The hypermultiplet masses have been set to zero and µ = R−10 . Let us focus our attention
on a prototypical infinite product that occurs in these determinants and go through with
2See also [17] and [18] on the question of defining such theories on curved manifolds.
3For considerations of similar issues in three dimensions, see [20].
4I thank V.Pestun for a discussion.
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the steps of regularizing it. We choose the one in the numerator of the example just studied
and rewrite it as
∞∏
n=1
((α.aE)
2 + µ2n2)n =
∞∏
n=1
(i(α.aE) + µn)
n(−i(α.aE) + µn)n.
Each factor can further be rewritten as
∞∏
n=1
(i(α.aE) + µn)
n =
∏
n,m∈N2(i(α.aE) + µm+ µn)∏
n∈N (i(α.aE) + nµ)
, (2.1)
where N2 is the set of all (m,n) such that m,n ∈ N = 0, 1, 2, . . .. The form of the infinite
product in the numerator is very suggestive of a regularizing scheme using the Barnes
double zeta function ζB2 . For the denominator, the Hurwitz zeta function seems like the
appropriate choice. Let us recall the sum representation for ζB2 ,
ζB2 (s, x; a, b) =
m=∞,n=∞∑
m=0,n=0
(x+ am+ bn)−s.
ζB2 (s, x) can be analytically continued to a meromorphic function which has poles when
x = −n1a− n2b. We can use ζB2 to regulate infinite products using the following (formal)
identity ∏
n,m∈N0
(x+ma+ nb) = e−ζ
B′
2 (0,x;a,b).
Before the products in this problem are regularized, it is helpful to note that under a scaling
transformation that takes (x, a, b)→ (kx, ka, kb), the new regularized product is related to
old product in the following way (the additional steps are reviewed in Appendix A)
∞∏
n,m=0
(k(x+ma+ nb)) = kζ
B
2 (0,x;a,b)e−ζ
B′
2 (0,x;a,b).
Similar equations hold for the Hurwitz zeta function. Now, using x = i(α.aE), k = µ, a =
1, b = 1, (2.1) is regularized to∏
n,m∈N2(i(α.aE) + µm+ µn)∏
n∈N (i(α.aE) + nµ)
= µζ
B
2 (0,i(α.aE);1,1)−ζH(0,i(α.aE))e−ζ
B′
2 (0,i(α.aE);1,1)+ζ
H′ (0,i(α.aE)).
Further noting that
ζB2 (0, x; 1, 1) =
5
12
− x+ x
2
2
,
ζH(0, x) =
1
2
− x,
and
e−ζ
B′
2 (0,x;1,1)+ζ
H′ (0,x;1,1) = G(1 + x),
3
where G(z) is the Barnes G function, 5 the regularized product becomes
µ−
1
12
+
α.a2E
2 G(1 +
iα.aE
µ
).
Thus the total contribution from each root in 2.1 is
µ−
1
6
+(α.a2E)
2
G(1 +
iα.aE
µ
)G(1− iα.aE
µ
).
Regulating each piece in a similar way and defining H(z) = G(1 + z)G(1− z),
ZW1−loop =
∏
α∈weights(Ad) µ
−1/6H( iα.aEµ )∏
w∈weights(W) µ−1/6H(
iw.aE
µ )
.
In the above step, the expression has been simplified using the condition for vanishing beta
function ∑
α∈weights(Ad)
(α.aE)
2 =
∑
w∈weights(W)
(w.aE)
2.
Let us specialize to the case of G = SU(N) and Nf = 2N . This gives,
Z
Nf=2N
1−loop,SU(N) = µ
1
6
(N2+1)
∏
α∈weights(Ad)H(
iα.aE
µ )∏
w∈weights(W)H(
iw.aE
µ )
. (2.2)
The µ dependent factor in front of the product of H functions in (2.2) will play an important
role in the identification of the Euler anomaly in the next section.
2.2 The Euler anomaly
All the necessary tools required bring out the dependence of the sphere partition function
on the Euler anomaly are now assembled. From [1], the general form of the partition
function (including non-perturbative contributions) is
ZS4 =
∫
a∈g
dae−Scl(a,µ)Z1−loop(a, µ)|Zinst(a, µ)|2,
where Scl =
8pi(a,a)
g2µ2
and Z1−loop is given by (2.2). Zinst is the Nekrasov partition function
defined on a Ω1,2− background with 1 = 2 = µ. This can be reduced to an integral over
the Cartan subalgebra h ⊂ g
ZS4 =
∫
a∈h
daV(a)e−Scl(a,µ)Z1−loop(a, µ)|Zinst(a, µ)|2, (2.3)
where V(a) is the Vandermonde determinant. It is now convenient to change variable from
a to a˜ = a/µ. Note here that the form of Scl and Zinst are such that they are independent
of µ when expressed in terms of a˜. So, the integral in the new variables is
ZS4 = µ
(N2−1)+ 1
6
(N2+1)
∫
a˜∈h
da˜V(a˜)e−Scl(a˜)Z1−loop(a˜)|Zinst(a˜)|2. (2.4)
5For a summary of properties of the Barnes function and other special functions that appear in the
paper, see Appendix B.
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The exponent of µ in the above expression can be identified as 4a where a is the Euler
anomaly of the theory. This factor should be proportional to χa where χ is the Euler
characteristic of the curved manifold on which the theory is defined. To fix conventions
concretely, one can follow [7] and set
Z−1µ
∂Z
∂µ
= −
∫
dx4〈T jj 〉 = 2χa. (2.5)
In a theory with NS real scalars, NF Dirac fermions and NV vector fields, a (as normalized
above) is given by
a =
1
360
(NS + 11NF + 62NV ). (2.6)
Recall that a N = 2 vector multiplet is the equivalent of a vector field, two real scalars
and a single Dirac fermion and that a N = 2 hypermultiplet is the equivalent of four real
scalars and one Dirac fermion. So, for a N = 2 theory with nv vector multiplets and nh
hyper multiplets,
4a = nv +
nh − nv
6
. (2.7)
From 2.4, calculate
Z−1µ
∂Z
∂µ
= (N2 − 1) + N
2 + 1
6
. (2.8)
and note that the result equals 4a for the theory. Noting that χ(S4) = 2, this indeed
matches with 2.5. For Lagrangian theories (like the ones considered so far), parameterizing
a by nv, nh is the most obvious choice for these correspond to the number of vector
multiplets and the number of hypermultiplets. Often, this is used for arbitrary theories
with the understanding that it is just a convenient parameterization of the trace anomalies.
It is then appropriate to call nh and nv the effective number of hypermultiplets and vector
multiplets. The formula for the other trace anomaly c is given by
c =
nv
4
+
nh − nv
12
. (2.9)
For a general class S theory obtained by taking theory X[g] on Cg,n, the quantities nv and
nh − nv are related to the dimensions of vacuum moduli spaces in a simple fashion. Let
dk denote the graded Coulomb branch dimension, that is the number of Coulomb branch
operators of degree k. nv is given by
nv =
∑
k
(2k − 1)dk. (2.10)
(nh − nv) on the other hand is equal to the quaternionic Higgs branch dimension when
there is such a branch. For theories without a true Higgs branch, one can still associate
a maximally Higgsed branch whose quaternionic dimension is nh − nv upto some abelian
vector multiplets[9],
dimQ(H) = nh − nv + grank(g). (2.11)
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The total nh and nv for any theory is computed as in [10],
nh =
∑
i
nih + n
global
h , (2.12)
nv =
∑
i
niv + n
global
v , (2.13)
where the global contributions 6 are given by [23, 24]
nglobalh =
4
3
(g − 1)hˆ(dimG),
nglobalv = (g − 1)(
4
3
hˆdimG+ rankG), (2.14)
where hˆ is the dual Coxeter number and nih, n
i
v are the local contributions from a codi-
mension two defect. In the rest of the paper, the goal will be to understand how the Euler
anomaly (2.8) is encoded in the Liouville/Toda correlators assigned to a general class S
theory of type g = An.
3 Scale factors in Liouville correlators
In this section, the prefactor that encodes the Euler central charge is shown to have a
natural role in Liouville theory. It will be identified with the scale factor for the stripped
correlator. A plausible path integral argument for how this scale factor arises is provided
for the simplest case of a three point function and will be used to get some intuition for
the appearance of such a factor. For higher point functions, such a luxury does not exist
and one would have to resort to calculating them directly from the scaling behaviour of
the Υ functions that occur in the DOZZ formula.
Recall that Liouville field theory on a Riemann surface C is defined by the following
action (written with an unconventional normalization, φ = φˆ/6 where φˆ is the Liouville
field in the usual normalization),
SL =
1
72pi
∫ √
gˆd2z
(
1
2
gˆab∂aφ∂bφ+ 3QRˆφ+ 2piΛe
2bφ
)
, (3.1)
where z is a complex co-ordinate on the C. This theory is conformal upto a c− number
anomaly. While the observables of the theory depend only on the conformal class of the
metric g on C, it is often convenient to perform calculations by choosing a particular
reference metric gˆ in the same conformal class as g. The action above is written in terms
of this reference metric. The physical metric is given by gab = e
2φˆ
Q gˆab. The stress energy
tensor for this theory is a shifted version of that for a free theory :
T (z) = −(∂φˆ)2 +Q∂2φˆ (3.2)
and the central charge is given by
c = 1 + 6Q2. (3.3)
6The central charge of the Toda CFT of type g also has a similar presentation owing to the fact that it
too can be obtained from the anomaly polynomial in six dimensions[22, 23].
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Let us now formulate this theory on the Euclidean two sphere. Here, g is taken to be the
usual round metric and gˆ as a flat metric. Calculations with the reference metric are to be
done with the understanding that there is an operator insertion at infinity that encodes the
curvature of the physical metric. A way to demand this is through a boundary condition
for the field φ
φ = −2Q log(R/R0) +O(1), (3.4)
where R (=
√
zz¯) is the distance measured in the flat reference metric. The parameter R0
is introduced here for purely dimensional reasons. Its role in the overall scheme of things
will become more transparent as we proceed. Now, a way to restrict to an integration over
only fields that obey (3.4) is to write the Liouville action on a disc of radius R along with
boundary term that implements the curvature boundary condition and a field independent
term that keeps the action finite in the R→∞ limit7.
SL,disc =
1
72pi
∫
D
√
gˆd2z
(
1
2
gˆab∂aφ∂bφ+ 2piΛe
2bφ
)
+
Q
12pi
∫
∂D
φdθ+
1
3
Q2 log(R/R0). (3.5)
The above action is invariant under a conformal transformation of the metric combined
with a corresponding shift in the Liouville field,
z′ = w(z),
φ′(z) = φ(z)− Q
2
log
(
∂w
∂z
)2
.
Note that last term plays an important role in ensuring invariance under this transformation
and further, it also guarantees that the action is finite [25, 26].
According to the AGT correspondence, the partition function of a A1 class S theory
on the round sphere is identified with a corresponding n−point correlator in the c = 25
Liouville CFT (upto some factors). Recall that these theories are obtained by compactifying
theory X[g] on a Riemann surface Cg,n of genus g in the presence of n codimension two
defects whose locations on C are given by n punctures. The AGT correspondence assigns
to this theory a Liouville correlator 〈O1 . . .On〉 where Oi = e2αiφ. The Liouville momenta
are related to the mass deformation parameters of the 4d theory as αi = Q/2 + imi. One
of the simplest examples of this 4d-2d dictionary is illustrated by the case of a sphere
with three punctures. This corresponds to a theory of four free hypermultiplets. On the
Liouville side, the correlator is known to take the following form,
V [sl2]0,([12],[12],[12]) = C(α1, α2, α3)|z12|−2(∆1+∆2−∆3)|z13|−2(∆1+∆3−∆2)|z23|−2(∆2+∆3−∆1).
where C(α1, α2, α3) is given by,
C(α1, α2, α3) =
[
piΛγ(b2)b2−2b
2
](Q−∑i αi)/b
×
Υ(b)Υ(2α1)Υ(2α2)Υ(2α3)
Υ(α1 + α2 + α3 −Q)Υ(α1 + α2 − α3)Υ(α2 + α3 − α1)Υ(α3 + α1 − α2) .
7Henceforth, such a limit will be assumed whenever Liouville/Toda actions on the disc are considered.
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Figure 1. A1 theory on a sphere with three punctures
The notation introduced here for the correlator is done with a view towards the higher
rank cases. The sl2 refers to the fact that Liouville CFT can be obtained from the SL(2,R)
WZW model under a gauging labeled by the principal embedding of sl2 → sl2 and the
[12] refers to the partition of 2 = 1 + 1 that corresponds to the only non-trivial regular
puncture coming from a codimension two defect of the A1 theory
8. The Λ dependent
factors that occur in the above formula follow from an analysis of scaling properties of
Liouville correlators [27–29]. The complete formula was proposed in [26, 30] along with
some evidence for why this is true. It was then derived by Teschner using a recursion
relation [31]. Now, introduce a quantity that will be called the stripped correlator 9,
Vˆ [sl2]0,([12],[12],[12]) =
V [sl2]0,([12],[12],[12])
Υ(b)Υ(2α1)Υ(2α2)Υ(2α3)
(3.6)
It is the quantity Vˆ [sl2]0,([12],[12],[12]) that seems most appropriate to identify as the
partition function of four hypermultiplets. One expects that this quantity should posses
an anomalous scaling term just like the one calculated in the previous section. And it
indeed does have such an anomaly term and it matches exactly with that for a theory of
four hypermultiplets (nh = 4, nv = 0). This can be seen by noting the scaling behaviour
of the Υ function (See Appendix B),
Υ(µx;µ1, µ2) = µ
2ζB2 (0,x;1,2)Υ(x; 1, 2). (3.7)
There are a total of Υ(x) factors in the denominator of Vˆ [sl2]0,([12],[12],[12]) whose argu-
ments take the value x = 1 in the mi → 0 limit of b = 1 Liouville theory. From Appendix
8Going forward, the notation V [g]g,[...] will be used to denote a correlator in the Toda theory labeled
by a principal embedding of sl2 → g on a genus g surface with punctures which are labeled by some
representation theoretic data contained in the [. . .].
9An earlier draft of the paper was phrased in terms of scale factors for the original correlator and not
the stripped correlator and this led to some inaccurate statements (for g 6= 1) in the calculation of scale
factors via scaling behaviour of Υ function. While the original correlator also has scale factors, the one that
is directly relevant for purposes of the AGT conjecture is the stripped one. I thank the anonymous referee
for comments in this context.
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B, note that 2ζB2 (0, 1; 1, 1) = −1/6. This implies (in the mi → 0 limit),
Vˆ [sl2]0,([12],[12],[12]) = µ
4/6Vˆ [sl2]
R0=1
0,([12],[12],[12])
. (3.8)
The factor µ4/6 matches with µ4a for this theory and is thus in keeping with expecta-
tions. The dependence on the parameter µ = R−10 is usually suppressed when the Liouville
correlators are analyzed. It had been additionally brought out here for it serves the useful
purpose of encoding the Euler anomaly of the associated 4d SCFT which in this case is a
trivial theory of four free hypermultiplets. For an exception on this matter, see [32] where
additional dimensionful parameters appear in the expression for the Liouville correlator
V [sl2]0,([12],[12],[12]). However, note that the exponent of the additional dimensionful pa-
rameter in [32] is independent of the operator insertions. This wont be the true in what
follows. The exponent of µ will have an important (and very subtle) dependence on the
number and type of operator insertions. It turns out that for the case of the three point
function, there is a plausible argument where the path integral description can be used to
obtain the dependence on µ. Consider,
V [sl2]0,([12],[12],[12]) := 〈O1O2O3〉 =
∫
d[φ]e−SL,disc
3∏
i=1
e2αiφ. (3.9)
Let us restrict ourselves to the case that corresponds to setting all the hypermultiplet
masses mi to zero. Note that a primary operator e
2αiφ modifies the boundary condition
close to the insertion to φ = 2<(α) log(ri/R0). To keep the action finite, one needs to
introduce additional terms that are local to the punctures,
SL,disc =
1
72pi
∫
D
√
gˆd2z
(
1
2
gˆab∂aφ∂bφ+ 2piΛe
2bφ
)
+
Q
12pi
∫
∂D
φdθ +
1
3
Q2 log(R/R0)
+
3∑
i=1
(
− <(α)
6pi
∫
∂ci
φdθ − 2
3
<(α)2 log(R/R0)
)
.
For a translationally invariant measure d[φ], the R0 contributions arise directly from the
integrand. The global contribution is from the boundary term in Scl that is associated to
the curvature insertion and is given by (R0)
+Q2/3. For the punctures, <(αi) = Q/2. So,
each such operator insertion contributes (R0)
−Q2/6. Collecting these gives,
V [sl2]0,([12],[12],[12]) = µ
Q2/6V [sl2]
R0=1
0,([12],[12],[12])
. (3.10)
For the case of a round sphere, we have Q = 2 and this implies Q2/6 = 2/3. This is
identified with the quantity 4a(= nh/6) for a theory of four free hypermultiplets while R0
is identified with the radius of the four sphere that was used as background for defining
the partition function of the theory. Here, a comment on the unconventional normalization
in SL,disc is required. The normalization of φ was chosen such that the dependence of µ
for the three point function agrees with the corresponding value for 4a. Equivalently, one
could have picked the this factor such that the nh value for a single full puncture equals 4.
But, once it has been fixed, there are no free parameters. There will be similar choice of
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normalization later when the local contributions to these scale factors from are considered
from a WZW point of view.
The calculation above reproduces the scale factor in 3.8. When the scale factor is
calculated from the Υ functions, the exact origin of the µ parameter is somewhat obscured
by the regularization that is implicit in final form the DOZZ result. The path integral
sheds some light on how the scale factor enters into the picture via regularization. But,
this is still incomplete since no such argument seems to be available readily for higher
point functions. From (3.7), it is also clear that the overall scale factor is sensitive to
the analytical structure of the correlator. This relationship is most straightforward when
a correlator that corresponds to a free 4d theory is considered. In this case, the scale
factor is purely from the nh contributions. The number of polar divisors in the correlation
function is equal to nh. In the example just considered, the number of polar divisors for
the DOZZ three point function is 4 and this indeed matches with the nh for a theory of
four hypermultiplets.
A point worth emphasizing here is that the AGT primary map, namely the relation
αi = Q/2 + mi, is written after a dimensionful scale (the radius of the four sphere) is set
to be unity. The goal of making the Euler anomaly explicit can alternatively be stated as
that of making the dependence on this scale explicit in the correlators.
3.1 Higher point functions
Once the three point function is known, the higher point functions for Liouville can be
obtained by the bootstrap procedure. This entails picking a factorization limit for the
higher point function and writing the n−point function as an integral/sum over states in
the 3g−3+n factorization channels with the integrand being built out of the 2g−2+n three
point functions and appropriate conformal blocks. Confirming that the analytical structure
of the resulting n−point functions is in keeping with the a priori expectations (say, from
a path integral point of view) involves a delicate interplay between the DOZZ three point
function, the conformal block and the representation theory of the Virasoro algebra [33]
(See Appendix D for a short review). When there are enough punctures on both sides of
the channel, the channel state is a primary with a momentum of the form α = Q/2 + iR+
[34, 35]. The correlation functions built in the above fashion are also required to obey
the generalized crossing relations. This imposes a highly nontrivial constraint on the three
point function. For the case of Liouville, it has been checked that the DOZZ proposal does
satisfy these constraints [36, 37]. Let us proceed now by looking at some examples of how
the scale factor can be calculated for these higher point functions.
3.1.1 V [sl2]0,([12],[12],[12],[12])
This is the correlator corresponding to N = 2 SYM with gauge group SU(2) and Nf = 4.
The flavor symmetry for this theory is SO(8). The theory has four mass deformation
parameters which can each be assigned to a SU(2) flavor subgroup of SO(8). These mass
parameters will be related to the Liouville momenta in the following fashion
αi =
Q
2
+mi.
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Figure 2. A1 theory on a sphere with four punctures in a degenerating limit.
The eigenvalues of the mass matrix are m1 +m2, m1 −m2, m3 +m4 and m3 −m4.
To write down the four point function in Liouville theory, αi, α are initially taken to
lie on the physical line. That is, αi = Q/2 + is
+
i , α = Q/2 + is
+ for s+i , s
+ ∈ R+. The four
point function can then be written as
ZS4 = V [sl2]0,([12],[12],[12],[12])(α1, α2, α3, α4) =∫
α∈Q
2
+is+
dαC(α1, α2, α)C(Q− α, α3, α4)F3412 (c,∆α, zi)F3412 (c,∆Q−α, z¯i).
In writing this, the fact that when α ∈ Q2 + is, α¯ = Q− α has been used. Now, using the
symmetry of the entire integrand under the Weyl reflection α→ Q−α, one can unfold the
integral to one over R. This gives
V [sl2]0,([12],[12],[12],[12]) (α1, α2, α3, α4) =
1
2
∫
α∈Q
2
+is
dαC(α1, α2, α)C(Q− α, α3, α4)F3412 (c,∆α, zi)F3412 (c,∆Q−α, z¯i),
where s ∈ R. As with the three point function, let us defined the stripped four point
function,
Vˆ [sl2]0,([12],[12],[12],[12]) =
V [sl2]0,([12],[12],[12],[12])
Υ(b)Υ(2α1)Υ(2α2)Υ(2α3)Υ(2α4)
(3.11)
To calculate the overall R0 dependence, the anomalous terms from the Υ factors should
be collected. A simple variable change collects the extra factors from the integration over
channel momenta and the conformal blocks. The contribution from the eight polar divisors
in the integrand is also straightforward to calculate and is equivalent to the contribution
from the denominator in 2.1. As for the term Υ(2α)Υ(2Q − 2α), this can be rewritten
terms of the H function in order to make the Vandermonde factor explicit (as in [4]). Let
us note here the steps involved,
Υ(2α)Υ(2Q− 2α) = Υ(Q+ 2ia)Υ(Q− 2ia) (3.12)
=
1
Γ2(Q+ 2ia)Γ2(−2ia)
1
Γ2(Q− 2ia)Γ2(2ia) (3.13)
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Figure 3. A1 theory on a torus with one puncture
Recalling the following property (Appendix B) of the digamma function,
[Γ2(x+ 1 + 2)Γ2(x)]
−1 = x[Γ2(x+ 1)Γ2(x+ 2)] (3.14)
and applying it to case of 1 = b, 2 = 1/b,
Υ(2α)Υ(2Q− 2α) = (2ia)2[Γ2(b+ 2ia)Γ2(b−1 + 2ia)]−1[Γ2(b− 2ia)Γ2(b−1 − 2ia)]
= −4a2H(2ia)H(−2ia). (3.15)
The above factor taken together with the single Υ(b) that remains in Vˆ [sl2]0,([12],[12],[12],[12])
provide the numerator in the expression for Z1−loop (2.1) together with Vandermonde factor.
The calculation of the scale factor is thus reduced the calculation that we already performed.
So, we have
Vˆ [sl2]0,([12],[12],[12],[12]) = µ
23/6Vˆ [sl2]
R0=1
0,([12],[12],[12],[12])
. (3.16)
The exponent of R0 can be interpreted as 4a and this indeed matches 2.8 for N = 2.
3.1.2 V [sl2]1,([12])
For an arbitrary mass deformation, this theory corresponds to N = 2∗ SYM with SU(2)
gauge group with a hypermultiplet in the adjoint and one free hypermultiplet. The corre-
sponding Liouville correlator can be expressed in terms of the one point conformal block
for the torus.
V [sl2]1,([12])(α1) =
∫
α∈Q/2+s
dαC(Q− α, α1, α)Fα1(∆α, q)Fα1(∆Q−α, q¯).
The stripped correlator in the g = 1 case is defined as
Vˆ [sl2]1,([12])(α1) =
V [sl2]1,([12])(α1)
Υ(2α1)
. (3.17)
Calculating the R0 dependence as in the case of the four point function,
Vˆ [sl2]1,([12]) = µ
19/6Vˆ [sl2]
R0=1
1,([12])
. (3.18)
Ignoring the contribution of a decoupled hypermultiplet(with 4a = 1/6) gives the expected
answer that 4a = 3 for the N = 2∗ theory.
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For higher point functions on arbitrary surfaces, one proceeds in a similar manner by
defining the stripped correlator as
Vˆg,[...](α1, α2 . . . αn) =
Vg,[...](α1, α2 . . . αn)Υ(b)
g−1∏
i Υ(2αi)
, (3.19)
where Vg,[...](α1, α2 . . . αn) is the Liouville correlator built out of (2g − 2 + n) DOZZ three
point functions and (3g− 3 + n) factorizing channels. Calculating the contributions to the
scale factor directly from 3.19,
4a = (2g − 2 + n)
(
3
5
6
− 1
6
+ 4
1
6
)
+ (3g − 3 + n)− 5
6
n− 1
6
(g − 1) (3.20)
=
53
6
(g − 1) + 19n
6
. (3.21)
From (2.13), nh = 8(g− 1) + 4n, nv = 9(g− 1) + 3n and one sees immediately that 4a
calculated above satisfies
4a = nv +
nh − nv
6
. (3.22)
3.2 Liouville theory from a gauged WZW perspective
Before proceeding to discuss the higher rank generalizations, it is useful to recast the scale
factor calculations in an alternate language. It is well known that classical Liouville theory
can be obtained via a Hamiltonian reduction starting from the SL(2,R) WZW model. A
quantum version of this reduction (which has been the subject of a rich variety of studies
from various different points of view. See for instance [38], [39, 40] and [41–44]) is then
expected to yield Liouville conformal field theory. This point of view is powerful since it
permits an easy generalization to higher rank cases where a non rational CFT with W-
symmetry is obtained for every inequivalent (upto g conjugacy) σ : sl2 → slN . In the
g = sl2 case considered here, the only non-trivial embedding is the principal embedding
and this corresponds to Liouville CFT. With this in mind, let us look at how the spectrum
of primaries in Liouville can be related to a set of WZW primaries. In its Wakimoto
realization, this model is realized in terms of a scalar field φ and bosonic ghosts β, γ with
the following bosonization rules
J+ = −β(z)γ(z)2 + αγ(z)∂φ(z) + k∂γ(z), (3.23)
J3(z) = β(z)γ(z)− α
2
∂φ(z), (3.24)
J−(z) = β(z). (3.25)
with α2 = 2k − 4. Now, consider the primary field P (j) whose free field realization is
γ−jγ−je(j+1)φ. This operator is identified with a Liouville primary of the form eαφ (upto a
scale that will be fixed momentarily) where α = −jb . Naively, the conformal dimensions
of the primaries match. That is,
∆α = ∆j − j, (3.26)
where ∆α = α(Q − α) and ∆j = − j(j+1)k−2 with the identification b2 = k − 2. In early
investigations of these gauged WZW models, it was shown that the two and three point
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functions of Liouville can be obtained exactly under the above identification of primaries
along with (3.26) holding [39, 40].
One of the advantages of the WZW prescription is that the classical solutions are
perfectly regular. In the WZW language, there is no singularity in the local solution
near the insertion of the puncture and consequently, there are no regularizing terms in
the classical action. So, where does the dependence of R0 arise ? I argue that it arises
from carefully considering the dimensionful factors that enter in the relationship between
the Liouville and WZW primaries. First, in the gauged WZW model, one works with an
’improved’ stress energy tensor
Tˆ (z) = T (z)WZW − ∂J3(z), (3.27)
so that the constraint J− = 1 can be imposed without breaking conformal invariance.
Under the improved stress energy tensor, the primary P (j) has a shifted dimension ∆ˆ =
∆j − j − j . To keep the map between primaries intact along with relation ∆α = ∆j − j,
a scale factor that offsets the shift in dimension of P (j) should be included
eαφ ≡ (R/R0)+jγ−jγ−je(j+1)φ. (3.28)
A further redefinition of φ is needed in order to match the normalization used in the previous
section. It is chosen such that j = −2(= −4(ρ, ρ)) corresponds to the full puncture for a
b = 1 theory with nh/6 = −2/3. In this normalization,
eαφ˜ ≡ (R/R0)+j/3γ−j/3γ−j/3e(j+1)φ˜. (3.29)
4 Scale factors in Toda correlators I : Primaries and free theories
In the Toda case, the WZW approach is much more convenient to capture the local nh
contributions to the scale factor since a Toda action with appropriate boundary terms
is not readily available for an arbitrary codimension two defect. However, the global nh
contribution will always be computed using the curvature insertion in the Toda action.
This asymmetric treatment is purely one of convenience. A complete understanding of
boundary actions in Toda theory might be a way to obtain a more uniform treatment [45].
The most general Toda theory of type A can be obtained by a gauging of the SL(n,R)
WZW model. Unlike the case of A1, the higher rank cases offer more than one ways of gaug-
ing the SL(n,R)L × SL(n,R)R symmetry such that conformal invariance in preserved[47,
48]. An optimal way to index inequivalent Toda theories is by associating a sl2 embedding
σ : sl2 → slN for every such gauging [49, 50]. Each of the theories obtained by a nontrivial
embedding σ has a W− symmetry whose chiral algebra is called a W− algebra. This alge-
bra is a non-linear extension of the Virasoro symmetry by currents {Wi(z)} of spin i(> 2).
The unique spin 2 current in the chiral algebra is the stress energy tensor T(z) ≡W2(z).
As with Sl(2,R), consider the Wakimoto realization of the SL(n,R) model with the
required number of β, γ, φ fields. The following constraints are imposed [49]
J(x) = Ke+ j(x), (4.1)
J˜(x) = −Kf + j˜(x). (4.2)
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where e, f, h are the images of the standard sl2 generators and j(x) ∈ g≥0 and j˜ ∈ g≤0 10.
When the grading is even, the system of constraints is first class. When the grading has
odd pieces, then at first sight, the system is not first class. One can introduce auxiliary fields
(as in [48]) or consider a grading by a different element M such that [M,h] = 0, [M, e] =
2e, [M,f ] = −2f [49]. In the latter case, it is possible to define a new set of constraints
(now first class) equivalent to the original.
In this paper, only the theories obtained by the principal embedding will be considered.
It has the following action on the disc (written in the same unconventional normalization
that was used for the Liouville case),
ST,disc =
1
72pi
∫
D
√
gˆd2z
(
1
2
gˆab∂aφ∂bφ+
n−1∑
i=1
2piΛe2b(ei,φ)
)
+
1
6pi
∫
∂D
(Q,φ)dθ+
2
3
(Q,Q) log(R/R0).
(4.3)
The conformal transformations that leave the above action invariant (classically) are
z′ = w(z),
φ′ = φ−Qρ log
(
∂w
∂z
)2
,
and the field φ obeys the following boundary condition at the boundary of the disc
φ = −Qρ log(R/R0) +O(1). (4.4)
The chiral algebra for this theory is generated by the currents {Wi(z)} of spin i = 2 . . . n−
1. The spins of the currents are identified with the exponents of the group SL(n,R).
The global nh contribution arises from the boundary term due to the curvature insertion
(specializing to Q = 2 and generalizing the relevant boundary term for a surface of arbitrary
genus), we get the nh dependent contribution to 4a
global,
(4a)globalnh =
8
3
(g − 1)(ρ, ρ). (4.5)
Now, using (4a)globalnh = nh/6), it follows that
nglobalh = 16(g − 1)(ρ, ρ). (4.6)
This matches with (2.14) once we use the Freudenthal-de Vries formula for (ρ, ρ). We
will now proceed to analyze an interesting family of primary operators also indexed by
inequivalent embeddings of ρ : sl2 → g. In type A, the identification of these primaries has
been done in [51]. Following [51], these states are referred to as semi-degenerate primaries.
They will be related to certain primaries in the WZW model. To go beyond just calculating
the nh contributions, it will also be useful to associate an irreducible representation of the
Weyl group to each of those operators.
10K is a potentially dimensionful constant.
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4.1 Toda primaries from a gauged WZW perspective
The set of semi-degenerate primaries relevant for the AGT correspondence was constructed
in [51] by applying the screening operators S(±)i to Toda primary whose momentum satisfies
certain conditions. The screening operators have the following form
S(±)i =
∫
dz
2pii
e(βei·φ), (4.7)
where ei are the simple co-roots of slN . Requiring that these operators have ∆ = 1 forces
β to be either β+ = −b or β− = −1/b. The screening operators have the special property
that they commute with the generators of the W algebra. That is [W kl , S±i ] = 0. Now, the
state (S±)n± |α − n±β±ei > either vanishes identically or has a null state at level n+n−.
For the latter to happen, the α have to satisfy
(α, ei) = (1− n+j )α+ + (1− n−j )α−, (4.8)
for some j. If the null vectors are taken to appear at level one, the above condition is
simplified to
(α, ei) = 0, (4.9)
for ei being some subset of simple co-roots. Having recalled the construction in [51], we
proceed to obtain these primaries in the gauged WZW setting. The proposed map is the
following
e(α,φ) ≡ (R/R0)8(ρ,ρ)−4(ρ,h)+ 12dimgh1
∏
i
γi
∏
k
γ¯k × e(j+2ρ,φ), (4.10)
for some specific choices of α (and consequently of j). The different semi-degenerate states
are obtained for the choices of α outlined in [51]. For the case b = 1, the set in [51] can be
obtained by setting α = 2ρ − λ where λ is twice the Weyl vector of a subalgebra of slN .
The spin j in the WZW primary is obtained using j = −α. The justification for the scale
factor in the above map is similar in spirit to the one encountered in the case of Liouville
(see Section 3.2 ) but the details are complicated by the wider variety of semi-degenerate
state that are available in the higher rank Toda theories. This requires the introduction of
some representation theoretic notions.
First, note that considerations of scaling in Toda theory involve more possibilities in
that one has to first pick a weight vector and consider scaling in the direction of that
weight vector. The maximal puncture is the one that is not invariant under a scaling along
any weight vector. In other words, for a maximal puncture, there is no λ ∈ Λ such that
(α, λ) = 0. For other smaller punctures, there always exists such a λ and the ’smallness’
of the puncture is related to how ’big’ the λ is. The scare quotes are included to highlight
that this notion of small/big is not rigorous since two sets (the set of regular punctures and
the set of weight vectors) admit only a poset structure and it may turn out that certain
pairs do not have an order relationship. The h in the above formula is obtained in the
following way. Take the subalgebra l of slN for which λ is twice the Weyl vector (2ρl). Let
ei be a set of simple co-roots for this subalgebra. Impose the null vector conditions 4.9 for
this set. Now, consider orbit of λ under W [slN ]. There is a unique element h = wλ for
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w ∈ W [slN ] and h ∈ Λ+, the set of dominant weights of g. This dominant weight is the
Dynkin element (See Appendix for explanation of this terminology) of a nilpotent orbit in
slN . Such orbits are classified by partitions of N . One can translate between the different
quantities in the following way. Given a partition [n1n2 . . . nk] such that
∑
ni = N , write
λ as (−n1 + 1,−n1 + 3, . . . n1 − 1,−n2 + 1, . . . n2 − 1 · · · − nk + 1, . . . nk − 1). Reordering
the elements of λ such that they are non-decreasing gives us h, the Dynkin element.
The element h occurs as the semi simple element in the sl2 triple {e, f, h} associated
to the corresponding embedding. The lie algebra g has a natural grading defined by the h
eigenvalue
g = ⊕jgi = ⊕j<0gi + g0 +⊕i>0gi. (4.11)
We can now turn to the interpretation of the scale factor in 4.10. Consider the special
case : j such that h is trivial (λ = 0). This corresponds to a ’maximal’ puncture. As with
the case of Liouville, the necessity of using a modified stress tensor Tˆ ρ(z) (ρ denotes the fact
that this is the stress tensor for the principal Toda theory) introduces extra contributions
to the scaling dimension. To avoid spoiling the relationship ∆α = ∆j − (j, 2ρ), there is a
need to introduce a scale factor of the form (R/R0)
4(ρ,ρ). When h is non trivial, there are
some scalings for which the primary is invariant (as opposed to transforming by a scale
factor). Local to the primary insertion, associate a sl2 embedding with Dynkin element
h and consider the spectrum of γ fields associated to this grading. Their dimensions are
given by how they behave under a scaling defined by Tˆ h(z). If the embedding is even
(dimg±i = 0 for i odd), one would like to remove the contribution to the scaling dimension
from the corresponding set of γ fields. When the embedding is not even, this procedure
will work if a grading under a different element M is considered. This M is such that it
provides an even grading while obeying [e,M ] = 2e, [f,M ] = −2f, [h,M ] = 0 [49]. Under
the new grading, the dimension of g≥2 increases by 12dimg1. So, a full accounting of the
dimensional factors produces the exponent of R/R0 in 4.10. As with the Liouville case, φ
needs to be normalized such that h = 0 produces the correct nh contribution from a full
puncture. In this normalization,
e(α,φ) ≡ (R/R0)
8(ρ,ρ)−4(ρ,h)+ 12 dimg1
6
∏
i
γi
∏
k
γ¯k × e(j+2ρ,φ). (4.12)
The exponent of R0 is recognized as the local contribution to nh/6 from CDT [10]
11.
One would like to believe that the other local properties ascribed to this class of codimension
two defects of the six dimensional theories should also have a description in terms of
properties of the corresponding semi-degenerate operators in Toda theory. In order for
this dictionary to be built further, it is important to associate to every semi-degenerate
primary a unique irrep of the Weyl group.
4.2 Toda primaries and representations of Weyl groups
In this section, a representation of the Weyl group W [slN ] = SN will be associated to every
semi-degenerate primary in an An Toda theory. Recall from the previous section that the
11A clarification regarding the notation is in order. What is called dimg1 here is the same as dimg1/2 of
[10]. The difference in notation arises from the choice of normalization of h.
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momentum of a general semi-degenerate primary obeys (α, ei) = 0 for i = 1 . . . k. The ei
are a subset of the set of simple co-roots Π. In the current case, they form a subsystem12.
Denote this set by SN . Denote by S
+
N , the set of positive root of this subsystem. Let Λ
+
be the set of positive roots for g. Note here that when h is zero, S+N is empty and when h
is the Dynkin element of the principal nilpotent orbit, S+ is Λ+ .
Using this data, one can obtain a unique irreducible representation of the Weyl group
by a construction due to MacDonald [52] 13. The co-root system lives naturally in h. Each
co-root can be thought of as a linear functional on h∗. Now, construct the following rational
polynomial on h∗,
pi =
∏
eα∈S+N
eα. (4.13)
Using this, construct a subalgebra of the symmetric algebra(S) on h∗ by considering all
polynomials P = wpi. This subalgebra is a W− module and in fact, furnishes an irreducible
representation of the Weyl group.
It turns out that all irreps for Weyl groups of types A,B,C can be obtained by con-
sidering the various inequivalent subsystems.
The contribution to the total Coulomb branch dimension of the four dimensional theory
from a primary that is labeled by a Nahm orbit ON is actually related to the dimension of
a dual orbit [10]. This formula can be rewritten in terms of the cardinality of the set S+n
in the following way
d = |∆+| − |∆+SN | =
1
2
dimOP t . (4.14)
where P is the partition type associated to the Nahm orbit ON and P t is the transpose
partition. Let φi be the generators of the full symmetric algebra. Let us additionally note
here the formula
nv =
∑
i
[2deg(φi)− 1]−
∑
h>0
[2h− 1] = 2(2ρ, 2ρ− h) + 1
2
(rankg− dimgh0). (4.15)
This quantity is called nv since it will turn out to be the contribution of the codimension
two defect to the effective number of vector multiplets. To give a flavor for the values
nh, nv in the various cases, the properties of Toda semi-degenerate states for the A2, A3
theories in are collected in Tables 4.2 and 4.2. In the tables, the fundamental weights are
denoted by ωi and the nomenclature of a ’Nahm Orbit’ and a ’Hitchin Orbit’ is borrowed
from [10] and is in anticipation of the next Section.
4.3 Physical interpretation of the Lusztig-Spaltenstein map
The appearance of the dimension formula for the dual orbit leads to an obvious question.
Can the Lusztig-Spaltenstein map 14 be obtained from the data just considered ? Recall
12More accurately, a conjugacy class of subsystems.
13See the text [53] for an elaborate discussion of this construction and its generalization due to Lusztig
and Lusztig-Spaltenstein.
14As in [10], we will always refer to the modified Lusztig-Spaltenstein map as defined by Barbasch-Vogan.
In the mathematical literature, it is often denoted as dBV .
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h Nahm Orbit Hitchin Orbit Toda momentum(α) nh nv
(0, 0, 0) [13] [3] 2(ω1 + ω2) 16 13
(1, 0,−1) [2, 1] [2, 1] 3ω1 9 8
(2, 0,−2) [3] [13] 0 0 0
Table 1. Semi-degenerate states in A2 Toda theory.
h Nahm Orbit Hitchin Orbit Toda momentum(α) nh nv
(0, 0, 0, 0) [14] [4] 2(ω1 + ω2 + ω3) 40 34
(1, 0, 0,−1) [2, 12] [3, 1] 3ω2 + 2ω1 30 27
(1, 1,−1,−1) [2, 2] [2, 2] 4ω2 24 22
(2, 0, 0,−1) [3, 1] [2, 12] 4ω1 16 15
(3, 1,−1,−3) [4] [14] 0 0 0
Table 2. Semi-degenerate states in A3 Toda theory.
here that this is a map from nilpotent orbits in g to nilpotent orbits in the Langlands dual
algebra gL,
dLS : ρ→ ρ′, (4.16)
where ρ : sl2 → g and ρ′ : sl2 → gL.
In the CDT description [10] of this class of codimension two defects, a pair (ρ, ρ′) plays
a central role15 in the description of a single defect. In denoting ρ as the ’Nahm data’
and ρ′ as the ’Hitchin data’, I have borrowed the terminology from [10]. In the setup
here, the h from the previous sections is the ’Nahm Data’. The ’Hitchin data’, I propose,
can be related to the ’Nahm data’ using the irrep of the Weyl group constructed in the
previous section. Crucial to this proposal is the existence of another way of constructing
Weyl group representations due to Springer. Springer showed that the Weyl group acts
on the cohomology H∗(Be′ ,C) of the Borel variety fixed by the nilpotent orbit through e′.
Consider the resolution of the nilpotent cone N ,
T ∗B ' NˆB
N
µ
pi
where Nˆ is the space of pairs {(e, b) | b ∈ B, e ∈ B ∩ N}.
If we pick an element in N that is a representative of a nilpotent orbit, then the
Springer fiber at that point is the Borel variety fixed by that nilpotent orbit. When e′ is
in the zero orbit, for example, the Springer fiber is the full Borel variety B ∼= G/B and the
cohomology ring is identified with the co-invariant algebra (a result that is originally due
to Borel [54]).
15In cases outside of type A, there is also a discrete group.
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The Springer map for type A is obtained by identifying the irrep that occurs in the top
degree of the cohomology. For other types, the top degree in general carries an irrep of W×
A(e′) where A(e′) is the component group of the centralizer of the nilpotent element. Since
A(e′) is always trivial for type A, identifying the irreps of the Weyl group is straightforward.
For our current purposes, we will only need to know which Weyl group representation is
assigned to a particular nilpotent orbit by the Springer map. This is available in the
standard texts like [53] whose conventions are followed closely16. See also [55, 56] for
introductions to Springer theory. Using that data, the picture in Figure 4 is constructed.
ρ : sl2 → g (”Nahm data”) The set S+N
Irrep of W [g](= W [gL])
H∗(Be′ ,C) ρ′ : sl2 → gL(”Hitchin Data”)
Null vector
conditions
MacDonald-Lusztig construction
Springer’s construction
Figure 4. The general setup that is proposed for a physical interpretation of the map dLS : ρ→ ρ′.
In this paper, only the case g = slN is considered. Here, the Springer map is bijective and g = g
L
and hence dLS is an involution on the entire set of nilpotent orbits.
16To help with notation, note that the Nahm partition associated to h here is the α∗ partition in Prop.
11.4.1 of [53].
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The interpretation of the map in cases where g is not of type A is much more subtle.
The anchor at the center of the figure 4 is no longer just a single irrep of W [g]. It could
in general be a set of irreducible representations but with a unique special representation
in each set that occurs as the anchor. In the case of type A, all irreps are special and thus
occur by themselves as anchors17.
Zero orbit S+ = ∅
Identity rep
H∗(Be′p ,C) Principal nilpotent
MacDonald’s construction
Springer’s construction
Figure 5. A specific realization with the identity representation as anchor.
Principal nilpotent S+ = Λ+
Sign rep
H∗(B,C) Zero orbit
MacDonald’s construction
Springer’s construction
Figure 6. A specific realization with the sign representation as anchor.
17A more precise way to say this is that in type A each representation has its own family/two-cell (as
defined by Lusztig). In general, there may be more than one irrep associated to a family/two-cell. This
more elaborate machinery is not needed in this paper. A follow up work will expand more on these themes
[5].
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Two of the simplest cases are given as evidence for such a setup in Figures 5 and 6.
As a more detailed example, the map for all the nilpotent orbits in sl4 is recorded in Table
4.3. For recording the irreps of S4, the standard partition notation is used. Each row in
the table corresponds to a codimension two defect of the 6d theory. Also included are the
values of some quantities that arise naturally when considering the local properties of these
defects and the representation theory of Weyl groups.
Nahm orbit | Λ+ | −dim(ON )2 r = Irr(W ) | Λ+ | −dim(OH)2 dim(OH)2 Hitchin orbit
(ON ) = (nh − nv) =a(r) =d (OH)
[14] 6 [4] 0 6 [4]
[2, 12] 3 [3, 1] 1 5 [3, 1]
[2, 2] 2 [2, 2] 2 4 [2, 2]
[3, 1] 1 [2, 12] 3 3 [2, 12]
[4] 0 [14] 6 0 [14]
Table 3. A table encoding the Lusztig-Spaltenstein map for all the nilpotent orbits for g = gL = sl4.
The labels for the Nahm and Hitchin data are the partition types associated to the corresponding
nilpotent orbits. Notation : a(r) is the a-invariant attached to an irreducible representation of the
Weyl group by Lusztig, d is the total Coulomb branch dimension and nh, nv are the contribution
from each defect to the effective numbers of the hypermultiplets and vector multiplets.
Note that the quantities nh−nv and a(r) also have a direct interpretation in Springer
theory,
nh − nv = dimC(BN ), (4.17)
a(r) = dimC(BH), (4.18)
where BN and BH are Springer fibers associated to the Nahm orbit (given by ρ in g)
and Hitchin orbit (given by ρ′ in gL)respectively. In the language of Hitchin systems, these
fibers would correspond to the Hitchin fiber (or the dual Hitchin fiber) above a ramification
point on the base where the Higgs field φ has a simple pole with a nilpotent residue that
belongs in ON (or OH).
See [57] for a similar scenario where Jacobson-Morozov theory and the Springer theory
are used on g and g∗ respectively. The relationship between geometric approaches to
Springer theory (and its generalizations) and Hitchin systems have been explored recently
in the context of the geometric Langlands program [58–60].
4.4 Examples of free theories : A2 tinkertoys
The overall scale factor calculation from a Toda perspective is much simplified when the
corresponding 4d theory is just a free theory of hypermultiplets. These are the theories for
which the total nv is zero. Recall that this quantity is defined as
nv =
∑
i
niv + n
global
v , (4.19)
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where nglobalv is defined as
nglobalv = (1− g)(
4
3
hˆdim(G) + rank(G)), (4.20)
and niv is given by 4.15. In the tinkertoy terminology, these are called free fixtures [8].
Let us consider one of the free fixtures that occur in the A2 theory and understand how
the nh contribution to the scale factor is encoded in the corresponding Toda correlator.
Specializing the Toda action on a disc to this case,
ST,disc =
1
72pi
∫
D
√
gˆd2z
(
1
2
gˆab∂aφ∂bφ+
i=2∑
i=1
2piΛe2b(ei,φ)
)
+
1
6pi
∫
∂D
(Q,φ)dθ+
2
3
(Q,Q) log(R/R0).
(4.21)
There are two regular punctures to consider when dealing with the A2 family of theories
of class S. The root space is two dimensional and is spanned by the simple roots ~e1, ~e2.
The roots are normalized so that the the entries in scalar product matrix Ki,j = (~ei, ~ej) are
given by Kii = 2,K12 = K21 = −1. The set of positive roots is ~e > 0 = {~e1, ~e2, ~e3} where
~e3 = ~e1 + ~e2. The fundamental weights are ~ω1, ~ω2 and they obey (~~ωi, ~ej) = δij . As usual,
~ρ is half the sum of positive roots and hi (the weights of the fundamental representation)
are given by
h1 = ~ω1, (4.22)
h2 = h1 − e1, (4.23)
h3 = h2 − e2. (4.24)
The maximal puncture corresponds to a Toda primary Omax~p = exp (~p. ~φ) where ~p is valued
in the dual of the lie algebra. Writing ~p = α1 ~ω1 + α2 ~ω2, it is seen that a general Toda
primary has two complex numbers as parameters. In the A2 Toda case, there is yet another
puncture which corresponds to Omin~p = exp(~p.~φ) where ~p in constrained to ~p = χ~ω2 (or
equivalently χω1).
4.4.1 V [sl3]0,([2,1],[13],[13])
The three point function with one argument taking a semi-degenerate value was obtained
in [61]. It is given by
V [sl3]0,([2,1],[13],[13]) = C(α1, α2, α3)|z12|−2(∆1+∆2−∆3)|z13|−2(∆1+∆3−∆2)|z23|−2(∆2+∆3−∆1),
where
C(χ ~ω2, ~p1, ~p2) =
[
piΛγ(b2)b2−2b
2
](Q−∑i αi)/b
×
Υ(b)n−1Υ(χ)
∏
~e>0 Υ((
~Q− ~p1).~e)Υ(( ~Q− ~p2).~e)∏i=3,j=3
i=1,j=1 Υ
(
ρ
2 + (~p1 − ~Q).~hi + (~p2 − ~Q). ~hj
) .
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Figure 7. A2 theory on a sphere with one minimal and two maximal punctures
As was the case with the three punctured sphere in the Liouville case, the poles comes
from the Υ functions in the denominator and these correspond to the screening conditions.
For the A2 case, there are two primitive screening conditions
(ρ~ω2 + ~p2 + ~p3).~ω1 = Ωm,n, (4.25)
(ρ~ω2 + ~p2 + ~p3).~ω2 = Ωm.n, (4.26)
and the rest are obtained by applying the two Weyl relations and identifying screening
conditions that differ only by an overall Weyl reflection. The two reflections act by
σ1 : ~p→ ((2 ~Q− ~p). ~e1)~e1, (4.27)
σ2 : ~p→ ((2 ~Q− ~p). ~e2)~e2. (4.28)
where ~Q = Q~ρ and Q = b + b−1 as before. The number of distinct screening conditions
agrees with the assignment nh = 9 for this fixture. As with Liouville correlators, we define
a stripped version,
Vˆ [sl3]0,([2,1],[13],[13]) =
V [sl3]0,([2,1],[13],[13])
Υ(b)n−1Υ(χ)
∏
~e>0 Υ((
~Q− ~p1).~e)Υ(( ~Q− ~p2).~e)
. (4.29)
The scale factor for the stripped correlator comes from combining the anomalous scal-
ing of the nine Υ functions that enforce the screening conditions. This gives,
Vˆ [sl3]0,([2,1],[13],[13]) = µ
9/6Vˆ [sl3]
R0=1
0,([2,1],[13],[13])
(4.30)
The argument can also be inverted in the sense that the knowledge of the scale factor for
the stripped correlator corresponding to a free theory can be used to predict the analytical
structure (=number of polar divisors) of the corresponding Toda three point function. Two
such families are discussed below as examples. It is worth emphasizing that this is by no
means an exhaustive list.
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4.5 Families of free fixtures and corresponding Toda correlators
In the literature on Toda theories, the only correlation functions for which the analytical
structure is explicitly known is the Fateev-Litvinov family [61]. These correspond to the
family of free fixtures that will be called fN . They correspond to N
2 free hypermultiplets
transforming in the (N, N¯) representation of the flavor symmetry group. This data is
reflected in the fact that the FL family of Toda correlators have N2 polar divisors with
the exact same representation structure. That this should be the case could have been
inferred from knowing the scale factor assigned to this correlator and deducing the value
of nh from that. Recall that for a free theory, nh = 24a. The conjecture is that nh is the
number of polar divisors for the corresponding Toda correlator. For the Toda correlators
corresponding to other families of free fixtures, corresponding results do not seem to be
available in the literature. But, knowing the corresponding scale factor values along with
the representation data [8] , the analytical form of these correlators can be conjectured.
This can be done for any family of free fixtures using the following formula
nh =
∑
i
nih − 16(ρ, ρ), (4.31)
where nih is the contribution from each primary insertion and can be deduced from the
scale factor in (4.12). The last term is the global contribution from the sphere with ρ
denoting the Weyl vector. Let us now look at a couple of examples to understand what is
meant by families of free theories.
4.5.1 fn
[2, 1N−1]
[2, 1N−1]
[N ]
Figure 8. The fN family of free fixtures corresponding to the Fateev-Litvinov family of Toda three
point functions.
This is the Fateev-Litvinov family corresponding to N2 polar divisors. This does
correspond to the nh value associated to this free fixture. In the uniform notation used for
Toda correlators, this would correspond to V [slN ]0,([2,1N−1],[2,1N−1],[N ]).
4.5.2 gn
This is a new family V [slN ]0,([22,1N−2],[3,2,1N−2],[N ]) of three point functions for which the
analytical structure can be conjectured based on the Tinkertoy constructions. This family
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has nh =
1
6N
3− 32N2 + 283 N−10 and this number should equal the number of polar divisors
(built out of Υ functions as in the case of fN ). From a purely Toda perspective, requiring
that the poles arise only from the screening conditions (and its Weyl reflections) for this
correlator should lead to the same result.
[22, 1N−2]
[3, 2, 1N−2]
[N ]
Figure 9. The gN family of free fixtures corresponding to a family of Toda three point functions.
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5 Scale factors in Toda correlators II : Interacting theories
5.1 Factorization in Toda theories
Apart from observing that ZS4 matches with the Liouville correlators, AGT also noted that
the identities satisfied by CFT correlators with single T (z) insertions can be understood as
a deformed version of the Seiberg-Witten curve. For example, T(z) insertions in Liouville
correlators on the sphere obey the following identity,
〈T(z)
∏
i
Oi(zi)〉 =
∑
i
(
∆i
(z − zi)2 +
L−1
z − zi
)
〈
∏
i
Oi(zi)〉.
These are what are called the conformal Ward identities. An immediate consequence of
this is that correlation functions of descendants (defined to be states obtained by acting
on Oi by modes of T (z) or T¯ (z¯)) are fully determined in terms of the correlation functions
of the primaries.
Let us now define the following quadratic differential,
φ2(z)dz
2 = −〈T(z)
∏
iOi(zi)〉
〈∏iOi(zi)〉 .
In a suitable limit, the conjecture [4] is that
φ2(z)dz
2 → φSW2 .
In the general Toda case, the full chiral algebra has more such identities that arise from
insertions of the higher spin tensors Wn(z), n > 2. However, theW-Ward identities fail to
determine the correlation functions with descendants completely in terms of the correlators
of primaries. One can define a number that quantifies the nature of this failure. This
number turns out to be related to the total Coulomb branch dimension. As an example,
consider the three point in A2 Toda theory together with all its descendants.
D(V0,{0,3}) = 〈
3∏
i=1
DiO~p(zi)〉,
where Di is a product of the modes of the operators T (z) and W3(z). The primaries obey
T(z)O(w) = ∆O(w)
(z − w)2 +
∂O(w)
(z − w) + non-singular
W3(z)O(w) = ∆
(3)O(w)
(z − w)3 +
W
(3)
−1O(w)
(z − w)2 +
W
(3)
−2O(w)
(z − w) + non-singular.
Observe that D(V0,{0,3}) obeys a set of local ward identities. These can be obtained by
inserting
∫
∞ fkWk(z) = 0 into the correlator where fs is a meromorphic function with poles
at z = zi. Using the local ward identities, all correlators in the family can be written in
terms of those of the form D0(V0,{0,3}) where D0 = {L−1,W−1,W−2}. The total number of
linearly independent correlators in the set D0(V0,{0,3}) is nine (three D0s for each primary).
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Imposing the global ward identities further constrains this set of correlators. The total
number of global ward identities is 8 in the W3 case. This shows that W -symmetry fails to
determine the correlators of descendants completely in terms of that of the primaries. A
representative of the set of correlation functions than cannot be linearly related to V0,{,0,3}
is 〈W k−1O1O2O3〉. Let us assign Coulomb branch dimension as d = 9−8 = 1 to this family.
It is easy to see that when one of the primaries is semi-degenerate, the total Coulomb
branch dimension is zero. This is because the null vector takes the following form
(L−1 − 3
2
W−1)|O1〉 = 0.
This can be used to turn the W−1 to a L−1. So, the family D0(V0,{1,2}) actually has
no Coulomb branch (Coulomb branch dimension is zero). Using the spectrum of semi-
degenerate operators in Toda theory and null vector conditions that they obey, this di-
mension can be calculated for any such family. This matches the corresponding 4d field
theory’s Coulomb branch dimension. For a similar count of equations, see [45] and [62].
One can also define a finer quantity, namely the graded Coulomb branch dk. This is related
to the quantity called nv by the following formula
nv =
∑
k
(2k − 1)dk. (5.1)
Recall here the definition of nglobalv ,
nglobalv = (1− g)(
4
3
hˆdim(G) + rank(G)), (5.2)
where hˆ is the dual Coxeter number and G = SU(N) for all cases considered here. Some
practice with the appearance of smaller gauge groups in the various limits of the corre-
sponding 4d theories leads us to propose the following criteria for a full factorization in
Toda theory. This corresponds to the appearance of an SU(N) gauge group in the four
dimensional theory. Take the degeneration limit where punctures αi appear one side of the
channel and punctures βj appear on the other side. Construct the following quantities,
Xα ≡
∑
i
nαiv + n
max
v + n
global,g=0
v , (5.3)
Xβ ≡
∑
i
nβiv + n
max
v + n
global,g=0
v . (5.4)
If and only if Xα, Xβ ≥ 0, there is full factorization for the Toda18 correlator. Exactly
which subgroup appears as the gauge group in a channel where one of the quantities Xα, Xβ
become negative requires more detailed analysis involving the exact Toda correlators. This
seems possible to carry out only in a limited number of cases (see example below). On
the four dimensional side, this data has been determined in [8] using constraints that come
from requiring Coulomb branch diagnostics like the graded dk to match in all factorization
limits. A physical interpretation of this phenomenon using the properties of the Higgs
branch has been given in [9].
18For the case of Liouville, this reduces to the familiar condition for a macroscopic state to occur in the
factorization channel[34, 35].
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5.1.1 A conjecture
With the experience of examples worked out so far and based on the general physical expec-
tation that the Euler anomaly should be encoded as a scale factor in the sphere partition
function of any conformal class S theory, one can formulate the following conjecture.
Conjecture 1. Let Vˆ [g]g,({OiN}) be the stripped Toda correlator corresponding to the sphere
partition function of class S SCFT (with mass deformation parameters mi) obtained by tak-
ing theory X[g] on Riemann surface of genus g with n punctures along with n codimension
two defects (with Nahm labels {OiN}, i = 1 . . . n) placed at the punctures. Let the Euler
anomaly of the SCFT be a and the inverse radius of the four sphere on which the SCFT is
formulated be µ. Then, Vˆ [g]g,({OiN})=µ
4a(Vˆ [g]g,({OiN )})R0=1 in the mi → 0 limit, irrespec-
tive of the factorization limit in which the scale factor is calculated.
The stripped correlator Vˆ in the general case is defined to be
Vˆ [g]g,({OiN}) =
V [g]g,({OiN})Υ(b)
rank(g)(g−1)∏
iD
0
i
, (5.5)
where
∏
iD
0
i is the collection of all factors in the correlator V [g]g,({OiN}) that become
identically zero in the mi → 0 limit. In certain familiar cases, the factors D0i have an
expression in terms of Υ functions. In the more general cases, the inverse of the stripped
correlator may be best viewed as an iterated residue 19,
Vˆ [g]−1
g,({OiN})
=
IRes
(
V [g]−1
g,({OiN})
)
mi→0
Υ(b)rank(g)(g−1)
. (5.6)
Following the intuition from the path integral argument for the three point function
in the Liouville case, one expects that the parameter µ can be understood to be the
dimensionful parameter that enters in the definition of the regularized correlator. When
the correlator is such that every factorization limit involves a channel with Xα, Xβ ≥ 0,
it is immediate that the scale factor is independent of the limit in which it is evaluated.
When this is not the case, the above statement is a non-trivial constraint on the nature
of the state appearing in the factorization channel (For such an example, see Section 5.4
below). The above conjecture is stated for arbitrary g since it is expected to hold in all
the cases. This paper provides a concrete setup for the case g = An.
5.2 Examples : Theories with a known Lagrangian
5.2.1 V [sl3]0,([2,1],[2,1],[13],[13]) in its symmetric limit
Since the most general three point function is not known in closed form, this four point
function is written in the factoring limit that allows us to express it in terms of the fN
19IRes(. . .)mi→0 = Res(Res(. . .)m1→0)m2→0 and so on.
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Figure 10. The A2 theory on a sphere with two minimal and two maximal in the symmetric limit.
family of three point functions in the following way
V [sl3]0,([2,1],[2,1],[13],[13])(ρ ~ω2, σ ~ω2, ~p1, ~p2) =
∫
~p∈ ~Q+i(s+1 ~ω1+s+2 ~ω2)
d~pC(ρ ~ω2, ~p1, ~p)C( ~Q− ~p, ~p2, σ ~ω2)
Fsl3
[
~p1 ~p2
χ ~ω2 σ ~ω2
]
(~α, zi)Fsl3
[
~p1 ~p2
χ ~ω2 σ ~ω2
]
( ~Q− ~α, z¯i),
where the three point function belong to the Fateev-Litvinov family fN . The dependence
of the conformal blocks on the momenta is through the dimensions ∆~p,∆
(3)
~p . These are
given by
∆~p =
(2 ~Q− ~p).~p
2
, (5.7)
∆
(3)
~p = i
√
48
22 + 5c
(~p− ~Q, h1)(~p− ~Q, h2)(~p− ~Q, h3). (5.8)
Proceeding as in the case of the four point function for Liouville, one can rewrite Υ functions
in the numerator in terms of the H functions making the Vandermonde explicit. This gives
an integration of the form
∫
da1da2(a
2
1 + a
2
2)(a
4
1 + a
4
2) implying nv = 8 (as expected for
a gauge theory with gauge group SU(3)). Defining Vˆ [sl3]0,([2,1],[2,1],[13],[13]) as in 5.5 and
collecting the anomalous scaling factors,
Vˆ [sl3]0,([2,1],[2,1],[13],[13]) = µ
29/3(Vˆ [sl3]0,([2,1],[2,1],[13],[13]))R0=1. (5.9)
The value of 4a is correctly reproduced.
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Figure 11. A2 theory on a torus with one minimal puncture
5.2.2 V [sl3]1,([2,1])
This is the correlator that pertains ZS4 of SU(3) gauge group with an adjoint hypermulti-
plet and a free hyper. It has the following expression,
V [sl3]1,([2,1])(χ ~ω2) =
∫
d~p
Υ(b)n−1Υ(ρ)
∏
~e>0 Υ((
~Q− ~p).~e)Υ(( ~Q+ ~p).~e)∏i=3,j=3
i=1,j=1 Υ
(
ρ
2 + (~p− ~Q).~hi + ( ~Q− ~p). ~hj
) Fg=1sl3 [χω2, ~p].
Again, defining Vˆ [sl3]1,([2,1]) following 5.5 and collecting anomalous scale factors,
Vˆ [sl3]1,([2,1]) = µ
49/6(Vˆ [sl3]1,([2,1]))R0=1. (5.10)
Ignoring the contribution from the decoupled abelian vector multiplets reproduces the
expected value for 4a.
5.3 Examples : Theories with no known Lagrangian description
5.4 V [sl3]0,([2,1],[2,1],[13],[13]) in its asymmetric limit
Let us now consider this correlator in the limit where two minimal punctures are on one
side and the two maximal punctures are on the other side of the factorization channel. The
duality between the corresponding four dimensional theories (that arise in the two limits)
was discovered by Argyres-Seiberg [63].
In this limit, Xα < 0, Xβ > 0. So, the condition for a full factorization is not satisfied.
In its other limit, we have already seen that this theory has nh = 18, nv = 8 (with the
corresponding implications for the three point functions appearing in the symmetric limit).
To understand the asymmetric limit, let us write the four point function in the following
form
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Figure 12. The A2 theory on a sphere with two minimal and two maximal in the asymmetric
limit.
V [sl3]0,([2,1],[2,1],[13],[13])(ρ ~ω2, σ ~ω2, ~p1, ~p2) =
∫
~p∈ ~Q+i(s+1 ~ω1+s+2 ~ω2)
d~pC(ρ ~ω2, σ ~ω2, ~p)C( ~Q− ~p, ~p2, ~p1)
W2
[
~p1 ~p2
χ ~ω2 σ ~ω2
]
(~α, zi)W2
[
~p1 ~p2
χ ~ω2 σ ~ω2
]
( ~Q− ~α, z¯i).
Here, the three point function C(ρ ~ω2, σ ~ω2, ~p) can be understood as a limit of the Fateev
Litvinov family fN where one of the maximal punctures is made minimal. When this is
done, the three point function becomes identically zero except when the following condition
is obeyed [64, 65],
w − w1 + w2 + 3
2
(
w1
∆1
− w2
∆2
)
(∆−∆1 −∆2) = 0. (5.11)
In the above equation the cubic invariant is referred to as w instead of ∆(3) to avoid
confusion with the subscripts. The above condition restricts the channel momentum to a
one dimensional subspace of the most general macroscopic Toda state. This corresponds
to the choice of a SU(2) subgroup. After canceling factors between the numerator and the
denominator of the fN correlator (specialized to N = 3) and using the properties of the Υ
functions, the measure for the channel integral is seen to be of the form a2da. One would like
to account for the scale factor in this limit. The nh contribution is easy to account for since
this arises only from the local contributions of the punctures and the global contribution
of the sphere. nv on the other hand is non-trivial. From the factorization channel, we get
nv = 3 (as opposed to nv = 8 from the factorization channel in the symmetric limit). This
implies that the stripped three point function corresponding to three maximal punctures
has a scale factor that corresponds to nh = 16, nv = 5.
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Figure 13. A2 theory on a sphere with three maximal punctures
This discussion aims to be nothing more than a poor substitute for an analysis of the
factorization problem in Toda theories. It was included to provide an example of how the
accounting for the scale factor could be different in the various factorization limits. It is
examples like this that make the conjecture in Section 5.1.1 a non-trivial constraint on
Toda factorization.
5.5 V [sl3]0,([13],[13],[13])
Not much is known in closed form for this correlator (Fig 5.5). Integral expressions for
this correlator are available under some special limits. See [61, 66] for the state of the
art on Toda computations. Note that this is the correlator corresponding to the partition
function on S4 of the T3 theory. This correlator arises in a ’decoupling limit’ of the previous
example where two minimal punctures are collided and replaced with a maximal puncture.
As discussed, the scale factor for the stripped correlator in this case should correspond to
nh = 16, nv = 5.
6 Summary
It is argued in this paper that the Euler anomaly of a 4d SCFT belonging to class S is
encoded in the scale factors of the corresponding stripped Liouville/Toda correlators. This
factor is always of the form µ4a where a is the Euler anomaly and the quantity µ can be
identified with the inverse radius of the four sphere on which the theory is formulated.
The quantity a has a parameterization in terms of quantities nh, nv (given in 2.8). The
parameterization of a by nh and nv is convenient since the two types of contributions to a
arise differently in the Liouville/Toda context20,
• The local nh contribution arises from the scale factors in the relationship between
the Toda and WZW primaries while the global nh factor arises from the boundary
term associated to the curvature insertion in the Toda action on the disc,
20This is obviously so in the 4d theories with Lagrangian description. So, it is perhaps not a surprising
feature.
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• The nv contributions arise from every factorization channel (when there is one) and
from the ’strongly coupled’ SCFTs. The contribution from the former is straightfor-
ward to pin down while the latter is known by requiring consistency with crossing
symmetries (S-dualities in the four dimensional context).
The above setup should be contrasted with how these quantities are calculated in
the four dimensional context in (2.13). Requiring that they agree is then a non-trivial
constraint on Toda factorization and a conjecture was outlined to this effect in Section
5.1.1. When the total nv contribution is zero, the corresponding four dimensional theory
is a free theory with nh hypermultiplets. The relationship between the scale factor in such
theories and the analytical structure of the Toda correlator allows one to make predictions
for the number of polar divisors in certain Toda correlators. Some examples of this were
outlined in Section 4.5.
As briefly alluded to in the Introduction, the class of theories studied here have at-
tracted attention from various different points of view. It is natural to consider the con-
nections of those with the setup of this paper. The conjecture that is provided for the
scale factor should follow automatically if crossing symmetry for Toda theories is proved.
In the case of Liouville CFT, this was done in [36] using the theory of infinite dimensional
representations of the quantum group Uq[sl2]. So, one would expect that the theory of
infinite dimensional representations of more general quantum groups, especially those that
lift to being representations of the quantum double (see [67] for some recent mathematical
developments) would be relevant for the study of quantum Toda field theory. A closely
related point of view would be the one from quantum Teichmuller theory for Liouville
[69, 70] and generalizations thereof, namely that of higher Teichmuller theories [71–73].
The partition functions analyzed here have also been described from the point of view of
topological strings [74]. Yet another connection to explore in detail would be that between
the setup considered here and the geometric Langlands program with tame ramification
[58, 75–80]. But, these are left for future considerations.
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A Behaviour of functional determinants under scaling
Zeta function regularization is often used in the determination of functional determinants.
The general strategy is the following. Let A be the operator of interest. Forming a zeta
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function using the eigenvalues A :
ζA(s) =
∑
n
(λn)
−s.
This is typically convergent for s > σ for some σ ∈ R. In many cases, this function can be
analytically continued to arbitrary values of s upto some poles that are away from s = 0.
This allows us to write the product of eigenvalues (formally) as
ζA
′
(0) = − log(
∏
n
λn).
Inverting this identity give us the regularized value for det(A)
det(A) =
∏
n
λn = e
−ζA′ (0).
Such regularizations often find use in problems that involve evaluating Gaussian path
integrals on curved manifolds. In such cases, A is typically an elliptic or a transversally
elliptic operator that occurs in the quadratic part of the action.
Let us now consider a scale transformation that changes the metric as g˜ = k−1g and
leads to a change in the eigenvalues as λ˜n = kλn. The zeta function built out of λ˜n is
related to the original one by
ζAk(s) = k−sζA(s).
Writing a regularized form of det(Ak) in terms of the original zeta function now requires
an additional (=anomalous) term in the analogue of (A),
ζA
′
(0)− (log k)ζA(0) = − log(
∏
n
λ˜n).
Inverting this,
det(A˜) =
∏
n
λ˜n = k
ζA(0)e−ζ
A′ (0).
Factors of the form kζ
A(0) play an important role in the body of the paper.
B Special function redux
Some properties of the special functions that are used in the main body of the paper are
collected here. For a more detailed treatment of the analytical properties of these functions
and a summary of the identities they obey, see [81]. The Barnes double zeta function and
the Hurwitz zeta function have the following sum representations
ζB2 (s; a, b, x) =
∑
m,n=0
(am+ bn+ x)−s, (B.1)
ζH(s, x) =
∑
m=0
(n+ x)−s. (B.2)
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The derivatives at s = 0 of these zeta functions are related to Γ2(x) and Γ(x) in the
following way,
ζ ′B2 (0; a, b, x) = log(Γ2(x; a, b)) + const, (B.3)
ζ ′H(0, x) = log(Γ(x)) + const. (B.4)
The Υ function that is often used in Liouville/Toda theory is defined as
Υ(x; b, b−1) =
1
Γ2(x; b, b−1)Γ2(Q− x; b, b−1) , (B.5)
where Q = b+ b−1. The derivative of the Υ function at x = 0 also plays an important role
in the DOZZ/FL correlators. It is given by,
Υ0 =
dΥ(x)
dx
|x=0 = Υ(b), (B.6)
where the final equality follows from the asymptotic properties of Υ(x) [46, 68]. Under a
scaling transformation, Υ(x) has the following behaviour (this follows from the discussion
in Section 2) ,
Υ(µx;µ1, µ2) = µ
2ζB2 (0,x;1,2)Υ(x; 1, 2), (B.7)
with
ζB2 (0, x; 1, 2) =
1
4
+
1
12
(
1
2
)
− x
2
(
1
1
+
1
2
)
+
x2
212
. (B.8)
As a shorthand, let us summarize the above scaling behaviour by saying that the scale factor
for Υ(x, 1, 2) (denoted by µ[Υ(x, 1, 2)]) is 2ζ
B
2 (0, x; 1, 2). The Barnes G function (for
b = 1) can be related to the double gamma function defined above using (see Prop 8.5 in
[81] )
G(1 + x) =
Γ(x)
Γ2(x; 1, 1)
(B.9)
Rewriting the above relationship in terms of derivatives of the Barnes double zeta and the
Hurwitz zeta functions,
e−ζ
B′
2 (0,x;1,1)+ζ
H′ (0,x;1,1) = G(1 + x).
Noting that,
Υ(
Q
2
+ ix) =
1
Γ2(
Q
2 + ix)Γ2(
Q
2 − ix)
(B.10)
The H function and the Υ function are related to the Barnes G function by
H(x) = G(1 + x)G(1− x), (B.11)
Υb=1(x) =
G(1 + x)G(3− x)
Γ(x)Γ(2− x) (B.12)
Υb=1(Q/2 + ix) =
G(2 + ix)G(2− ix)
Γ(1 + ix)Γ(1− ix) (B.13)
From Section 2, the scale factor for the H function (specialized to 1 = 2 = 1) is given by,
µ[H(x)] = 2ζB2 (0, x; 1, 1)− 2ζH(0, x) = −
1
6
+ x2, (B.14)
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while the scale factor for the Υ function (again specialized to 1 = 2 = 1) is
µ[Υ(x)] = 2ζB2 (0, x; 1, 1) =
5
6
− 2x+ x2 = −1
6
+ (1− x)2. (B.15)
C Review of sl2 embeddings
Here, some important aspects of the theory of sl2 embeddings in a complex lie algebra are
collected. This is done here purely to introduce the notation and terminology. For the
classical theory, consult [82–85] and for comprehensive textbook treatments, see [53, 86].
The application of this theory in the context of reductions of WZW models has a long
history. For a sample, see [49, 50, 87].
By the theorem of Jacobson-Morozov, nilpotent orbits in complex semisimple lie al-
gebras (upto conjugacy) are identified with inequivalent sl2 embeddings (again, upto con-
jugacy). So, this allows the two objects to be used interchangeably and this freedom is
used quite generously in the body of the paper. There are only a finite number of such
inequivalent nilpotent orbits in any lie algebra. For the lie algebra slN , these orbits are
indexed by partitions of N. For the other classical algebras, there is a still a partition type
classification but one has to use appropriate notions of B,C or D- partitions. For the case
of exceptional lie algebras, the list is known by explicit case-by-case constructions.
In all of these cases, a very useful way to identify a nilpotent orbit uniquely is by
associating to it a weighted Dynkin diagram. This is done by relating nilpotent orbits to
distinguished semi-simple orbits. To every distinguished semi-simple orbit, one can attach a
semi-simple element h such that (h, αi) ∈ 0, 1, 2 for αi a simple root. h is called the Dynkin
element and the diagram obtained by attaching the values (h, αi) to the corresponding
nodes of the Dynkin diagram, the weighted Dynkin diagram. Note here that the number of
nilpotent orbits is much less than 3rank(G). So, not all possible assignments of the numbers
0, 1, 2 are realized at a given node. There are standard ways to obtain the Dynkin element
from the partition associated to a particular nilpotent orbit. The closure ordering on the
nilpotent orbits defines a natural partial order on the set of nilpotent orbits. This can be
translated to a partial order on the associated partition labels in the classical cases. For
the case of slN , this is the usual dominance order on partitions. As examples of this partial
order, the Hasse diagrams for nilpotent orbits in sl4 and sl6 are given in Figs 14, 15.
Finally, the complex dimension of a nilpotent orbit in type A has a simple formula.
Let P be a partition of n. Consider the nilpotent orbit of partition type P in the lie algebra
g = An−1. Let, P t = [r1, r2 . . .] be the transpose partition. Then,
dimC(OP ) = n2 −
∑
r2i . (C.1)
D Conformal Bootstrap
It is useful to recall how the conformal bootstrap procedure proceeds for Liouville theory.
The basic idea is the procedure put forward in BPZ (for a detailed review, see [88] ). For
a modern understanding of the analytical bootstrap procedure as it is applies to the case
of Liouville CFT, see [33].
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[4]
[3, 1]
[22]
[2, 12]
[14]
Figure 14. Hasse diagram for nilpotent orbits in sl4.
[6]
[5, 1]
[4, 2]
[4, 12] [32]
[3, 2, 1]
[3, 13] [23]
[22, 12]
[2, 14]
[16]
Figure 15. Hasse diagram for nilpotent orbits in sl6.
Let us start with the two point function on the sphere. Conformal invariance constrains
this to be of the form
V0,2 = 〈OαOβ〉 = δαβ|z1 − z2|∆
The three point function is similarly constrained but not completely determined by
requirements of conformal invariance.
V0,3 = C(α1, α2, α3)|z12|−2(∆1+∆2−∆3)|z13|−2(∆1+∆3−∆2)|z23|−2(∆2+∆3−∆1)
The dynamics of the theory is encoded in C(α1, α2, α3). The procedure of conformal
bootstrap outlined in BPZ, [88] starts with the writing of the general four point function
in terms of the three point functions and a special function known as the conformal block.
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Let us start with a generic four point function and insert a complete set of states in
between the four operators.
〈Oα1Oα2Oα3Oα4〉 =
∑
[α]
or
∫
[α]
〈Oα1Oα2O[α]〉〈O[α]∗Oα1Oα2〉 (D.1)
where [α] denotes the conformal family associated to a primary Oα. Note that the members
of the conformal family can be obtained by acting with the operators L−m (m > 0). Both
symbols
∑
or
∫
are included to highlight the the fact that in arbitrary cases, there may
be a continuous integral and a discrete sum involved. However, it is the integral sign that
is employed in most parts of the paper. This is done to simplify notation.
Now, one can proceed by using the OPE between the first two operators to write the
first term in the following way
Oα1Oα2 =
∫
dαC(α1, α2, α)z
∆α−∆α1−∆α2 z¯∆¯α−∆¯α1−∆¯α2O[α]
where,
O[α] = Oα + Ωα,112 zL−1Oα + Ω¯α,112 z¯L¯−1Oα + Ωα,{1,1}12 z2L2−1Oα + . . . .
The dynamics of the theory is encoded in the coefficients Ω
α,{...}
12 and Ω¯
α,{...}
12 that appear
in the above expansion. These constants obey a recursive set of linear equations which can
be solved level by level. The final solution for Ω
α,{...}
12 at some low levels have the following
form
Ω
α,{1}
12 =
∆α −∆α1 −∆α2
2∆α
,
Ω
α,{1,1}
12 =
(∆α −∆α1 −∆α2)(∆α −∆α1 −∆α2 + 1)
4∆α(2∆α + 1)
− 3
2(∆α + 1)
Ω
α,{1}
12 .
As a simple example, consider the three point function in Liouville CFT.
D.1 V(0,3) = V [sl2]0,([12],[12],[12])
In the AGT correspondence, this is the correlator assigned to a theory of four free hyper-
multiplets. By DOZZ, we have
V [sl2]0,([12],[12],[12]) = C(α1, α2, α3)|z12|−2(∆1+∆2−∆3)|z13|−2(∆1+∆3−∆2)|z23|−2(∆2+∆3−∆1),
where C(α1, α2, α3) is given by
C(α1, α2, α3) =
[
piµγ(b2)b2−2b
2
](Q−∑i αi)/b
×
Υ(b)Υ(2α1)Υ(2α2)Υ(2α3)
Υ(α1 + α2 + α3 −Q)Υ(α1 + α2 − α3)Υ(α2 + α3 − α1)Υ(α3 + α1 − α2)
Note that Υ(x) is an entire function except for zeros at x = −mb − nb−1 or x =
Q + m′b + n′b−1 for m,n,m′, n′ ∈ Z≥0. The DOZZ three point function then has a pole
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when any one of the following conditions is satisfied,
α1 + α2 + α3 −Q = Ωm,n,
α1 + α2 − α3 = Ωm,n,
α2 + α3 − α1 = Ωm,n,
α3 + α1 − α2 = Ωm,n,
where Ωm,n is used to denote the string of points −mb−nb−1 and Q+m′b+n′b−1. The set
of poles matches with the screening conditions that arise from doing the path integral of
the Liouville zero modes. Let us recall the general form of a screening condition for future
purposes. ∑
i
αi + (g − 1)Q = Ωm,n,
where g is the genus and the sum is over all punctures. Starting with any one of the
conditions, the other three can be obtained by single Weyl reflections Wi : αi → Q − αi.
Observe that overall Weyl reflections do not give a new screening condition. For example,
starting with the condition
∑
α−Q = Ωm,n and reflecting using W :
∑
α→ Q−∑α leads
to the same screening condition. This implies that the total number of screening conditions
is four and not eight. Now, using the AGT primary map, the screening conditions can be
rewritten in terms of the mass deformations
Q
2
+m1 +m2 +m3 = Ωm,n, (D.2)
Q
2
+m1 +m2 −m3 = Ωm,n, (D.3)
Q
2
+m2 +m3 −m1 = Ωm,n, (D.4)
Q
2
+m3 +m1 −m2 = Ωm,n. (D.5)
Observe that when any one of the hypermultiplet masses is set to zero, there is no pole
since the point Q/2 does not belong to the string of poles Ωm,n unless Q = 0. Q = 0
is possible only if b = ±i. One can not naively continue the result to pure imaginary
values of b since that is outside the region of analyticity of the DOZZ three point function
[25, 89]. Since flat directions in the moduli space are opening up when such relations are
satisfied, one would naively expect ZS4 to diverge. But, such a direct interpretation for
the pattern of divergences does not seem to be possible. The mass relations are instead
encoded in the polar divisors of the integrand for ZS4 in a Q-deformed manner. It is not
immediately clear as to what physical meaning should be attributed to the lattice of poles.
But, there is still something useful that one can learn from this simple example of a three
point function. Namely, the number of hypermultiplets is nothing but the total number of
screening conditions . This simple relation between number of screening conditions and nh
holds for all the free theories. The bootstrap program entails using insertions of complete
states as in (D.1) and obtaining all higher point functions starting from the three point
function. Requiring that the resulting higher point functions (on arbitrary genus surfaces)
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obey the crossing relations and its generalizations ends up being a very strong constraint
on the three point function that it determines its analytical structure. One can work in the
opposite direction as well. This would imply starting with the DOZZ three point function
and then checking that the higher point functions have the required pole structure and
obey crossing relations. In the example below, we will see how bootstrap produces the
required pole structure as the result of an intricate interplay of various different factors.
One could, ultimately, hope to understand Toda bootstrap at this level of detail.
D.2 V(0,4) = V [sl2]0,([12],[12],[12],[12])
This is the correlator corresponding to N = 2 SYM with gauge group SU(2) and Nf = 4.
The flavor symmetry for this theory is SO(8). The theory has four mass deformation
parameters which can each be assigned to a SU(2) flavor subgroup of SO(8). These mass
parameters will be related to the Liouville momenta in the following fashion
αi =
Q
2
+mi
The eigenvalues of the mass matrix are m1 + m2, m1 −m2, m3 + m4 and m3 −m4. To
write down the four point function in Liouville theory, one usually takes αi, α to lie on the
physical line. That is, αi = Q/2 + is
+
i , α = Q/2 + is
+ for s+i , s
+ ∈ R+. The four point
function can then be written as
ZS4 = V0,4(α1, α2, α3, α4) =∫
α∈Q
2
+is+
dαC(α1, α2, α)C(Q− α, α3, α4)F3412 (c,∆α, zi)F3412 (c,∆Q−α, z¯i)
The fact that α ∈ Q2 + is implies α¯ = Q − α has been used in the above equation. Now,
using the symmetry of the entire integrand under the Weyl reflection α → Q − α, the
integral can be unfolded to one over R. This gives
V0,4(α1, α2, α3, α4) =
1
2
∫
α∈Q
2
+is
dαC(α1, α2, α)C(Q−α, α3, α4)F3412 (c,∆α, zi)F3412 (c,∆Q−α, z¯i)
where s ∈ R. Now, observe that the integrand depends just on α and not on α¯. This allows
us to analytically continue the integrand to arbitrary values of α and then interpret (D.6)
as a contour integral. Let us now study the analytical structure of the four point function
by looking at different parts of the integrand (see [33]).
1. Although the Vir conformal blocks are completely constrained by symmetry, no
closed form expression is known. But, its analytical properties wrt α are deduced by
observing that the conformal blocks can be written as
F(c,∆i,∆α, zi) = z−2(∆1+∆2+∆3−∆4)13 z−2(∆1+∆4−∆2−∆3)14 z−4∆224 z−2(∆3+∆4−∆1−∆2)34 F (c,∆i,∆α, q)
where q = z12z34/z13z24. F (c,∆i,∆α, q) has the following series expansion
F (c,∆i,∆α, q) = q
∆α−∆1−∆2
∞∑
i=0
Fi(c,∆α,∆i)q
i
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Each term in the expansion can in turn be written as a ratio of two polynomials.
Fi =
Pi(c,∆,∆i)
Qi(c,∆)
The denominator Q(c,∆α) is nothing but the divisor of the Kac determinant at level
i. It is zero when when α takes values corresponding to degenerate representations
α = −(m+ 1)b
2
− (n+ 1)b
−1
2
.
When this condition is satisfied, there is a null vector in the Verma module at level
(m + 1)(n + 1). The zero of Q(x,∆α) leads to a pole for F(z). A similar sequence
of arguments show that at exactly the same values of α, F(z¯) also picks up a pole.
This is because ∆α = ∆Q−α and the dependence of the chiral and the anti-chiral
conformal blocks on α is only through their dependence on ∆α. So, F(z) and F(z¯)
combine to give a double pole. However, the factor Υ(2α)Υ(2(Q− α)) has a double
zero exactly at these values. So, they cancel.
2. The Υ functions in the denominator (from both two C(. . .) factors combined) have
simple poles when any one of the following conditions are satisfied
α1 + α2 + α = Q− Ωm,n α1 + α2 + α = 2Q+ Ωm,n
α1 + α2 − α = −Ωm,n α1 + α2 − α = Q+ Ωm,n
α1 + α− α2 = −Ωm,n α1 + α− α2 = Q+ Ωm,n
α2 + α− α1 = −Ωm,n α2 + α− α1 = Q+ Ωm,n
α3 + α4 − α = −Ωm,n α3 + α4 − α = Q+ Ωm,n
α3 + α4 + α = Q− Ωm,n α3 + α4 + α = 2Q+ Ωm,n
α3 − α− α4 = −Q− Ωm,n α3 − α− α4 = Ωm,n
α4 − α− α3 = −Q− Ωm,n α4 − α− α3 = Ωm,n
Let us fix <(αi) = Q/2. As we will momentarily see, the integral is well defined
for arbitrary values of =(αi). One can also continue to arbitrary values of <(αi)
except when they end up satisfying a screening condition. In those cases, poles
emerge because the contour gets pinched. To see these aspects, it is better to change
variables. Set αi = Q/2 + isi where si ∈ R The above set of equations then imply
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strings of poles at the following values in the α-plane.
α = −Ωm,n − i(s1 + s2) α = Q+ Ωm,n − i(s1 + s2)
α = Q+ Ωm,n + i(s1 + s2) α = −Ωm,n + i(s1 + s2)
α = −Ωm,n + i(s2 − s1) α = Q+ Ωm,n + i(s2 − s1)
α = −Ωm,n + i(s1 − s2) α = Q+ Ωm,n − i(s1 − s2)
α = Q+ Ωm,n + i(s3 + s4) α = −Ωm,n + i(s3 + s4)
α = −Ωm,n − i(s3 + s4) α = Q+ Ωm,n − i(s3 + s4)
α = Q+ Ωm,n + i(s3 − s4) α = −Ωm,n + i(s3 − s4)
α = Q+ Ωm,n + i(s4 − s3) α = −Ωm,n + i(s4 − s3)
Notice that every Υ function leads one string of left-poles (poles strictly in the region
to the left of the contour) and another string of right-poles (pole strictly in the region
right of the contour). It is useful to plot the poles in the α plane (See Fig 16). The
blue line indicates the position of the contour while the green lines indicate that of
the poles. Note that for irrational b, all poles occur at distinct points along the line.
The green lines are drawn as continuous lines just for convenience. The point on the
green lines that is closest to the contour is the location of the first pole.
ReHΑL=Q
2
ImHΑL=s1+s2
ImHΑL=-s1+s2
ImHΑL=s1-s2
ImHΑL=-s1-s2
ImHΑL=s3+s4
ImHΑL=-s3+s4
ImHΑL=s3-s4
ImHΑL=-s3-s4
Figure 16. Analytical structure of the integrand for V0,4
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It is useful to define an object called the set of all polar divisors of the integrand,
Di ≡ {=(α) = k|k ∈ {s1+s2,−s1−s2, s1−s2, s2−s1, s3+s4,−s3−s4, s3−s4, s4−s3}}.
To define the continuation to arbitrary values of αi, it is important to note that the
poles are away from the contour as long as the following conditions are satisfied,
|<(α1 − α2)| < Q/2, (D.6)
|<(Q− α1 − α2)| < Q/2, (D.7)
|<(α3 − α4)| < Q/2, (D.8)
|<(Q− α3 − α4)| < Q/2. (D.9)
When going outside the range allowed by these inequalities, one should watch for
poles to cross the contour and indent the contour correspondingly. This new contour
can be rewritten as the original contour plus a finite number of circles around the
poles that crossed. There are a finite number of extra terms corresponding to the
residues at these poles. This prescription suffices as long as all the polar divisors
Di are distinct. When some of them align, the contour can get pinched when αi
takes arbitrary values. Let us called the divisors that align as D1&D2. The pinching
happens when the left poles in D1 have moved a distance ≥ Q/2 to the right while
simultaneously, the right poles of D2 have moved by a distance ≥ Q/2 to the left.
If there are no new zeros emerging, such pinching leads to poles in the integral. In
some cases, new zeros do emerge. The poles that arise when conditions of the form
si + si = si − sj , where (i, j) is either (1, 2) or (2, 3), are satisfied are canceled by
the zeros of Υ(2α1),Υ(2α2),Υ(2α3),Υ(2α4). But, others (say, those that follow from
s1 + s2 = s3 + s4) will remain as poles of the integral. These are exactly the cases for
which the screening condition is satisfied. As expected, the four point function has
simple poles only at these values.
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